Introduction
Images of circles and ellipses (corresponding to the Euclidean norm or to another norm function on the complex plane C) have been studied extensively under some special transformations such as Möbius transformations or harmonic Möbius transformations (see [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] and the references therein). Let us consider the real linear space structure of the complex plane C. In [14] , the present author proved that the image of any ellipse E r (F 1 , F 2 ) = {z ∈ C : ∥z − F 1 ∥ + ∥z − F 2 ∥ = r} corresponding to any norm function ∥.∥ (except in the Euclidean case) on C under the similarity transformation w = f (z) = αz + β ; α ̸ = 0 , α, β ∈ C (which is a special Möbius transformation) is an ellipse corresponding to the same norm function or corresponding to the norm function ∥z∥ ϕ = e −iϕ z , (1.1) this norm function ∥.∥ to circles (resp. ellipses) corresponding to the norm function ∥.∥ π 2 (see [12, 14] for more details). In [14] , the following conjecture was posed on the images of ellipses (resp. circles) under the rotation transformation z → e π 2 i z . In this paper, we determine some conditions to confirm Conjecture 1.1. We exactly solve the problem for which as values of ϕ we have ∥.∥ ϕ = ∥.∥ for a given norm function ∥.∥ (except in the Euclidean case) on C . Consequently, we finish the determination of images of ellipses (resp. circles) under the similarity transformations. We also give some illustrative examples and some figures drawn with Mathematica [17] .
Proof of Conjecture 1.1 and related results
Let r > 0 be any fixed real number. Notice that the function
defines a new norm on C for every r > 0 . Clearly, circles (resp. ellipses) of this new norm are the Euclidean circles (resp. ellipses). We will call these cases the trivial cases.
From now on we assume that ∥.∥ is any norm function except the trivial cases and ϕ ̸ = kπ , k ∈ Z. We note that the equations We recall the following definition.
Definition 2.1 [15] We say that a norm function ∥.∥ defined on C has Property C if it satisfies the property
At first, we begin by the following example. The converse question of this corollary is not always true, as we have seen in the following example. 
Example 2.2 Let us consider the norm function
∥z∥ = |x + 2y| + |x − 2y| + 2 |x|
Example 2.7 Let us consider the norm function
∥z∥ = |2x − y| + |x + 2y| (2.6) on C.e i(θ−ϕ) = e iθ ,(2.
7)
for all θ ∈ R. Now let us give the following theorem. Then we obtain e −iϕ z = ∥z∥ for all z = x + iy ∈ C and so ∥z∥ ϕ = ∥z∥ . 2
Combining Theorem 2.9 and Theorem 2.1 given in [14] on page 191, we can give the following corollaries.
Corollary 2.10
Let w = f (z) = αz + β ; α ̸ = 0 , α, β ∈ C be a similarity transformation and ϕ = arg(α) . If the norm function ∥.∥ satisfies Property E ϕ then the similarity transformation f (z) = αz + β maps ellipses ( resp. circles) to ellipses ( resp. circles) corresponding to this norm function. or ϕ = kπ
